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Abstract: The goal of the paper is to give characterization of closed connected manifolds which 
admit a global multisympletic 3-form of some algebraic type. A generic type of such 3-form is 
equivalent to a G2- structure. This is the most interesting case and was solved in JGrf . Some other 
algebraic types were solved quite recently. In this paper we give characterization in the remaining 
cases. 

0.1 Introduction 

We call a 3-form u £ A 3 ((R 7 )*) multisymplectic iff the map 



is injective. There are eight orbits of multisympletic forms under the natural action of GL(7, R) 
on A 3 ((]R 7 )*). We will denote preferred representatives of the orbits by 0Ji,i = 1, . . . , 8. Let us 
denote the stabilizer of by and a maximal compact subgroup of Oi by PQ. The connected 
component of identity of K, is denoted by K°. 

Let M be a 7-dimensional closed connected manifold and let p € £1 3 (M) be a global 3-form. 
We say that p is of algebraic type i = 1, . . . , 8 if Va; € M there exists a basis of T* M at the point 
x such that the 3-form p(x) € A 3 (T*M) belongs to the i-th orbit of the multisymplectic forms. 
This notion clearly does not depend on a choice of frame. The main goal of this paper is to give 
topological restrictions on M to admit a global 3-form of a given algebraic type. We will need the 
following observations. 

A global 3-form of the i-th algebraic type on the manifold M is equivalent to a reduction 
of structure group of the tangent bundle TM of M to rQ. The first goal is to find maximal 
compact subgroups rQ. The groups Oi were given in |BVj . Without loss of generality we may 
take Ki :— O,; n 0(7). This is the content of the first part of this paper. 

Topological conditions on manifolds which admit a global 3-form of a given algebraic type is 
given in the second part. Solved cases include the algebraic types 3, 5 and 8. The type 8 is the 
first solved case and is equivalent to a G2-structure. The manifold M admits such structure iff 
M is orientable and admits a spin structure. This is originally a result of [Gr . The type 5 was 
solved in |Lej . It turns out that the case 5 is equivalent to the case 8. We show that the cases 5, 8 
are equivalent to the cases 6, 7. We use similar ideas as in the paper [Eg]. The type 3 was solved 
in [D] using techniques introduced in [Th] . We use the same machinery to handle remaining cases 
with additional assumption on orientability or simple connectedness of manifolds. These are the 
theorems 9-11. The last section consists of lemma needed in the two first chapters. 

I would like to thank Martin Doubek who got me introduced me to the subject. I would also 
like to thank H.-Van Le, M. Cadek, P. Somberg for consultations. 

0.1.1 Notation 

Notation for the first chapter. We denote the space R 7 by V and the standard basis by 
{ei, . . . , e-j}. We will denote the dual basis by {a\, . . . , a-j}. Let us denote by (vx, . . . , Vi) the 
linear span of vectors v-\_, . . . ,v%. We will denote the stabilizer of the preferred multisymplectic 
3-form u>i by O;, its maximal compact subgroup by and the connected component of K; is 
denoted by K°. 
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Notation for the second chaper. We will denote by p l , resp. rf, resp. £ l a real, resp. a 
complex, resp. a real trivial bundle of dimension i. We will denote by w^p 3 ), resp. c i {n 3 ) 1 resp. 
Pi(p J ), resp. e(p 3 ) the i-th Stiefel- Whitney, resp. the i-th Chern, resp. the i-th Pontryagin class, 
resp. the Euler class of the corresponding bundle. We denote null-homotopic maps by *. 



0.2 Multisymplectic 3-forms. 

0.2.1 The 3-form wi. 

A representative of the orbit is 

uii = «i A «2 A «7 + ai A 03 A «4 + «2 A «5 A 06. (2) 

Let us denote by V 1 = (e 7 ), V 2 = (e 3 , e 4 ), V 2 = (e 5 ,e 6 ),V 2 = (e u e 2 ),W? = (V 2 © Vx)/V u W| = 
(V 2 2 © Vi)/Vi. Let ip be any element of Oi. The following statements were proved in |BVj . 

• ip preserves the subspace V\. 

• ip induces an automorphism of W 2 © W 2 such that: 

1. ip(W?) = Wf, ip{Wi) = W$ or 

2. ip (W?) = Wi,<p(W$) = W?. 

We define a map sgn : Oi — > Z 2 by sgn(<p) = 1 if the first possibility holds and sgn((p) = —1 
if the latter condition holds. We call sgn((p) the sign of ip. Clearly the map sgn is a group 
homomorphism . 

• The stabilizer Oi of uj\ is isomorphic to a semi-direct product 

(N k (GL(VK 1 2 ) x GL(VK 2 2 )) x Z 2 (3) 

such that: 

— The first semi-direct product is given by the homomorphism sgn. 

— The map <p € Ker(sgn) \-> ^Iwfewl e GL(W 2 1 ) x GL(W 2 2 ) is surjective. 

— The group N consists of transformations of the form Idv + <pi + ^2 where 

931 : F 2 3 -S- Vi © V 2 2 © Vi, tp 2 : F 2 X © V 2 2 ->■ Vl 

In particular, with respect to usual convention, any element of N is an upper triangular 
matrix. 

Let us define an embedding 

p : GL(2,K) x GL(2,R) ->• GL«ei}) x GL((e 2 )) X GL(1/ 1 2 ) x GL(V 2 2 ) x GL(Fi) (4) 
(p(a, b))(vi,v 2 , v 3 , U4, v 5 ) = (det(a _1 )wi, det^ 1 ^, av 3 , bv iy det(ab)v 5 ), 

where GL(2,E) acts naturally on V? = V 2 2 = R 2 . Let us denote the image of GL(2,E) x GL(2,M) 
under p by GL(2,M)| 2 . 

Lemma 1. The group GL(2,IR) 2 2 gives a splitting of GL(W 2 ) x GL(W 2 ) in the formula |3j). 

Proof: Clearly GL(2,M) 22 C Oi and GL(2,]R) 22 satisfies all conditions to be a splitting of 
GL(W 2 1 ) x GL(^ 2 ). □ 

Now it is easy to find a maximal compact subgroup K4. From the lemmas [9j, [8] and the de- 
scription of N given above follows that Ki is a semi-direct product of a maximal compact subgroup 
of GL(2,R) 2 2 and Z 2 . A maximal compact subgroup of GL(2,]R) 2 2 is the group 0(2) x 0(2). A 
splitting of the group Z 2 of the homomorphism sgn is given for example by the transformation 

ei H' e 2 ,e 2 h-> e 1 ,e 3 ^ e 5 ,e 4 M> e 6 ,e 5 e 3 ,e 6 i-» e 4 ,e 7 -e 7 (5) 
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Theorem 1. A maximal compact subgroup Ki of Oi is generated by the subgroup 0(2) x 0(2) 
of the group defined and the transformation given in In particular is a subgroup of 
S0(7). 

0.2.2 The 3-form uj 2 . 

A representative chosen with respect to a basis {ei, . . . , e 7 } in |BVj is 

0J2 = ai A a2 A 05 + ai A Q2 A Q7 + oi A 04 A «7 - «2 A Q3 A a 7 (6) 
+ as A 04 A «7 + «3 A Q4 A Qg. 

Let us work with a basis . . . , / 7 } which is given by 



h = 


G5 + 


e6 


h = 


-es 


+ e 6 


h = 


-es 


- e 6 + e 7 


V2f 4 = 


-ei 


- e 4 


V2f 5 = 




+ e 3 


V2f 6 = 


S2 


- e 3 


V2f 7 = 


-ei 


+ e 4 . 



Let us denote by {ft, . . . , ft} the dual basis to . . . , / 7 }. A new 3-form w 2 in the orbit of 0J2 is 

J 2 = Pi A ft A ft - ft A ft A /3 7 + ft A ft A ft (7) 
- ft Aft Aft -ft Aft Aft- ft Aft Aft. 

We will give a description of a maximal compact subgroup of the stabilizer O2 := Stab(u> 2 )- Let 
us denote by V 3 = </ x , / 2 , / 3 > , V i = </ 4 , . . . , ft) , W 4 = V/V 3 . We notice that 

t4 + ftAftAft=u;£. (8) 



3-form is the 3-form in the orbit of W5 given by the formula (41) with respect to the basis 



{i, j, k, e 4 , e 4 i, e 4 j, e4k|i, j, k € H} of O. This leads to the following observation. 

) 2 

/3,4 



Lemma 2. The group SL(2,M)| 4 given in the formula (44) * s a subgroup 0/K2. 



Proof: Let g e SL(2, E)| 4 . From the formula (44 1 follows that g* (ft A ft A ft) = ft A ft A ft. 
Since S~L(2,E)§ )4 C G 2 , then g*oj' 5 = u' 5 . Thus g*oj' 2 = uj' 2 . □ 

Lemma 3. There is an isomorphism 

2 = (L x SL(2, E)| 4 ) x R* (9) 

w/iere: 

• TTie group K* zs £/ie cokernel o/0 2 under the homomorphism g £ O2 1— >• det(g|y 3 ). 

• T7ie group L consists of endomorphisms of the form Idy + tp where tp : V4 V3 . 
Proof: In [BVj is given an isomorphism 

2 = ((L x Spin(l,2)) x S0(l,2)) x E*. 

Thus we have to verify isomorphism between the semi-direct product Spin(l,2) x S0(l,2) given 
in [BV] and the group SL(2,R)§ i4 . We identify V4 = H by a map 

h -> h, h -> h h -> j, ft -> k 

and V3 = /ml by 

/1 i,/2 -> j,/3 k, 

where i,j,k are given in ( 34 1 and I2 G GL(2,E) is the identity matrix. This also identifies 
V ^ ImQ. Let 3 € SL^E)!^, then: 
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A standard quadratic forrrj^jof signature {+, — , — } on V3 is invariant under g. 
A standard quadratic forrrrlof signature {+,+,—,—} on V4 is invariant under 



• if g = (l2,a), compare to the formula |44|), then g commutes with the image of the map 
V 3 — > EndiyVi) induced by w 2 . 

Thus SL(2,]R)3 4 satisfies all the conditions which define the semi-direct product Spin(l,2) xi 
SO(l,2) inside 2 . □ 

From the lemmas [9], [8j and the description of L given above follows that Ki is a semi-direct 
product of a maximal compact subgroup of SL(2,K.)§ 4 and a maximal compact subgroup of W . 
A maximal compact subgroup T 2 2 2 of SL(2,R)g 4 is given (45) with explicit matrix realizations 
of the connected component of the identity given in (46 1 . The other component of T 2 2 2 contains 
for example a transformation 

/1 h> -fi,f 2 >-» h, h ^ -h, h ^ -fe, h ^ -fi, h ^ JV, h ^ k (10) 
One can verify that a transformation 

fx >-> /1, / 2 i-> / 2 , / 3 i-> -/a, /4 i-> /?, /s i-> /e, /e ^ /s, A i-> /4 (11) 

gives a splitting of a maximal compact subgroup Z 2 of W of the map J6O24 det(g\v 3 )- Thus 
we have the following characterization of K 2 . 

Theorem 2. TTie group K 2 /ias /ow components and is generated by the connected component of 
the identity K 2 given in the formula (46) and the transformations given in (10) and (11). 

0.2.3 The 3-form u 3 . 

A representative is 

cj 3 = oti A (a 2 A 03 - «6 A Q7 + «4 A as). (12) 
Let us denote by V% — (ei), Ve — (e2, ■ ■ ■ , e^. Then from |BVj we have that: 

• Any element ip € O3 preserves the subspace Vq. 

• The 3-form W3 induces a symplectic structure on Vq. 

• The stabilizer O3 is isomorphic to a semi-direct product 

O3 = N k CSp(3,R), (13) 

where 

— The group CSp(3,R) is isomorphic to the cokernel of O4 under the homomorphism 
g £ 4 h> g\v 6 £ End(V 6 ). 

— The group N consists of the endomorphisms of the form Idy + f where (p : V\ — > Ve- 

The connected component of the identity Kg is isomorphic to a maximal compact subgroup U(3) 
of Sp(3,R). The other component contains for example the transformation 

ei i-> -ei, e 2 i-» e 2 , e 3 i-> -e 3 , e 4 i-> e 4 , e 5 i-> -e 5 , e 6 i-> e 6 , e 7 >->■ -e 7 . (14) 

Theorem 3. XTie group K 2 /ias two components and is generated by the connected component of 
the identity of the identity which is isomorphic to a maximal compact subgroup U(3) o/Sp(3,R) 
and the transformation given in (14). 



2 With respect to the basis fy, f$}. 
3 With respect to the basis {/4, . . . , fi}. 
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0.2.4 The 3-form w 4 . 

A representative of the orbit is 

ui4 = oti A (a.2 A 05 + Q3 A «g + 04 A 0*7) + «2 A 03 A 0:4. (15) 

Let us denote by Vi = (ei), V 3 = (e 5 , e 6 , e 7 ), C7 3 = (e 2 , e 3 , e 4 ), V 6 = (e2, • • • , e 7 ), VF3 = F 6 /F 3 , Wi = 
V/V 6 . Then from [BV] we have that: 

• Any element ip £ O3 preserves the subspaces V3 , . 

• The 3-form u 3 induces a symplectic structures on Vq and a volume form on W 3 . 

• The stabilizer is isomorphic to a semi-direct product 

O3 = (N k SL(T4^3)) k M* , (16) 

where 

— The group K* is isomorphic to the cokernel of O4 under the homomorphism ^eOgi-> 
(tp\ Wl ) e End{W x ). 

— The restriction to W 3 gives epimorphism 

{^G0 4 | <p\ Vl =Id Vl }->SL(W 3 ). (17) 

— The group N consists of endomorphisms of the form Idy + ifi + p>2 where 

tpi :Vi ->■ V 6 , P2 : #3 ~» V3 

Let us define 

<j) : SO(3) Snd(Vi) © End{U 3 ) ® End(V 3 ) (18) 
(0(A))(vi, v 2 ,v 3 ) = (vi,Av 2 ,Av 3 ), 

where SO (3) acts naturally on V 3 ,U 3 = M 3 with respect to the preferred basis given above. Let 
us denote the group ^(SO(3)) by SO(3) 3j3 . 



Lemma 4. The group 80(3)3,3 given in (18) is a subgroup 0/O4. 
Proof: Let g € 80(3)3,3. We have to check that: 

• 9*{&2 A a 3 A 0:4) = ct2 A «3 A 0:4. 

• 3*(«2 A 0:5 + a 3 A «6 + a A A a 7 ) = 0:2 A as + a 3 A a§ + A a 7 . 

The first point is straightforward since g restricted to U 3 is a volume preserving transformation. 
The second point follows from the following computation. Let us denote by oj — «2 A a$ + a 3 A 
«6 + Q!4 A a 7 . Then we can write 

w(-,-) = g(J-,-), 

where g is the standard scalar product on V 6 with respect to the basis {e 2 , . . . , e 7 } and J is the 
complex structure on Vq with the block matrix representation 



J = 



-1 

1 



where all the block matrices are of rank 3x3. The lemma follows from the matrix identity 
q T J T q = J T for any q € SO(3) 3l3 .D 

The group 80(3)3,3 gives a splitting of a maximal compact subgroup of ( 17 1. From the lemmas 
[9] [8j and the description of N follows that a maximal compact subgroup K4 is isomorphic to a 
semi-direct product SO(3)3.3 x Z 2 . The connected component of the identity is isomorphic to 
SO(3)3.3. The other component of K4 contains for example the transformation 

ei 1 ^ -ei, e 2 ^ e 2 , e 3 n- e 3 , e 4 H> e 4 , e 5 n- -e s , e 6 H> -e 6 , e 7 n- -e 7 . (19) 

Theorem 4. The group K4 /ias taw components and is generated by its connected component of 
the identity SO(3) 3i 3 and the transformations given in (19). 
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0.2.5 The 3-form w 5 . 

A preferred representative is 

W5 = OL\ A Ot 2 A «3 — 0>i A 0:4 A tt5 + »i A «6 A (20) 

+ «2 A (»4 A ae + «2 A 05 A 07 + Q3 A a4 A 07 - «3 A «5 A 

Maximal compact is SO(4) 3i4 in G 2 , see [Le]. The 3-form oj 5 is given by the multiplication of 
= iffli with respect to the basis 

ei - (t,0),e a - (0,1), e 3 - (0,i),e 4 ~ (j,0),e 5 - (fc,0),e 6 - (0,j),e 7 ~ (0,fc). (21) 

0.2.6 The 3-form w 6 . 

Let us choose a representative 

W6 = Qi A 02 A 03 - ai A «4 A 05 + (»i A ag A (*7 - «2 A 04 A Q6 - 02 A 05 A 07. (22) 

A 3-form used in |BV| is related to Wg by the formula ui' 6 = (g _1 )*w 6 where g : V V is given 
by 

g{e?i) = -e7,g(e 7 ) = e 3 ,g(e 5 ) = -e 5 ,g(e 6 ) = -e 6 ,g(ei) = a,i = 1,2,4. 

Let us denote by V x = (e 3 ),V 2 = (e 1 ,e 2 ),V 3 = Vi® V 2 , V 4 = (e 4 , . . . , e 7 ), W4 = V7V3. Let U(l) 3 
be the subgroup of diagonal matrices of the unitary group SU(2) and let U(l) 3 x Z2 SU(2) be the 
natural subgroup of SO(4) 3 4 C G2 below the formula (42). 

Lemma 5. The group U(l) 3 x Zs SU(2) = {g £ SO(4) 34 1<7* (a 3 ) = a 3 } is a subgroup o/K 6 . 

Proof: We have that uif, — a 3 A (04 A a-? — a 5 A a 6 ) =0)5, where 0)5 is the 3-form in the orbit of 
0J5 given by the formula ( 41 1 with respect to the basis {i, j, k, e^, ie^, je4, ke4 |i, j, k £ H} of O as in 
the formula (37). Let g £ SO(4) 3j 4, then g*(u!e) = ujq and g*{a\ A a 2 A a 3 ) = a.\ A a 2 A a 3 . Since 
g*(a 3 ) = a 3 , we have that g{V 2 ) = V 2 and that 

g*(uie) — 9*( a l A «2 A 03 - ai A 04 A 05 + ai A Q6 A «7 

— a 2 A «4 A a6 - 02 A as A «7 - «3 A «4 A «7 + a 3 A «5 A <Xq) 
= a\ A a 2 A a 3 + 5* (— ai A «4 A 05 + a; A ag A Q7 

— (»2 A Q4 A a6 - «2 A «5 A a-i) — a 3 A g* (0:4 A 0:7 — 0^5 A ae) 

= ai A a2 A a 3 + a\ A /?i + a 2 A /?2 — «3 A g* (04 A Q7 - 05 A c^) 

for some two forms (3i,/3 2 £ A 2 V4. Comparing this to g*{Cjo) — Cjq we obtain that 

P\ = — «4 A Q!5 + C(q A a.7 

(3 2 = — «4 A «6 - Q5 A a7 
<?*(a4 A 07 - a 5 A ag) = 04 A a 7 - a 5 A ag 

This proves that g*(ujQ) = coq-D 

Lemma 6. The connected component o/Kg is isomorphic to U(l) 3 Xz 2 SU(2). 
Proof: From |BVj we have an isomorphism 

6 ((L x SL(2, C)) X SO(2)) x R* (23) 

where: 

• the group K* is the cokernel of Oq under the homomorphism g £ Og H> <fet(<jr|y- 2 ). 
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• the group L consists of transformations of the form Id + tpi + f 2 where 

tpi ■ V 2 -> (V 4 8 Fx), ^ 2 : F 4 -> y x . (24) 

We have that the group U(l)3 x^ 2 SU(2) satisfy the following conditions: 

• The subgroup U(l)3 operates with respect to the standard scalar product on V 2 as orthogonal 
transformations. 



• The subgroup SU(2) commutes with the image of the map A : V 3 — ► End(W 4 ) given in [BV . 

Comparing this to |BV| . we deduce that U(l)3 x^ 2 SU(2) is a splitting of a maximal compact 
subgroup of SL(2,C) X SO(2). The rest is a consequence of the lemma|9j description of L and the 
formula Q. □ 

From the lemma[9] follows that Kg = (U(l)3 Xz 2 SU(2)) X Z 2 . Thus to complete the description 
of Kg , we have to find an element g € Kg which does not belong to the connected component of 
the identity. Such element is for example the transformation 

ei n- e 2 , e 2 >-> ei, e 3 n- -e 3 , e 4 H> e 4 , e 5 n- e 6 , e 5 H> e 6 , e 7 n- -e 7 . (25) 

Thus we can formulate the following theorem. 

Theorem 5. The group Kg is generated by the connected component of the identity which is 
equal to U(l)3 x^ 2 SU(2) defined in the lemma^ and the transformation (25). In particular 
Kg C SO(4) M . 

0.2.7 The 3-form u 7 . 

Let us choose a 3-form 

L07 = ai A a 4 A 0:5 — a± A ag A aj + a-i A 04 A ag (26) 
+ a.2 A 015 A 0:7 + «3 A 04 A a-j — a 3 A «5 A ag. 

The 3-form w 7 used in |BV| is related to o-v by the formula uj' 7 — (g^ 1 )*^ where g : V — > V is 
given by 

g(ex) = -e 4 ,g(e 2 ) = -e 7 ,g(e 3 ) = e 5 ,g(e 4 ) = -e 6 ,g(e 5 ) = e 3 ,g(e 6 ) = -ex,g(e r ) = e 2 . 

Let us denote by V3 the span (ei,e 2 ,e3) and by V 4 the span (e 4 , . . . ,e 7 ) . Let us denote by 
W 4 = V/V 3 . 

Theorem 6. SO(4) 3 4 = {g 6 G2|g*(ai A a 2 A a 3 ) = a 4 Aa 2 /\a 3 } is a maximal compact subgroup 
o/K 7 . 

Proof: We notice that 

w 8 = w 7 + «! A «2 A CK3, (27) 



where cj 8 is the 3-form (29 1. This implies that SO(4) 3 4 C K7. We now show also the opposite 
inclusion. The equation (27) naturally leads to an isomorphism V = ImM ©H = J, O given by 

ei ^ (i,0),e 2 1— > (0,1), e 3 i-> (0,i),e 4 ^ (i,0),e 5 h> (fc,0),e 6 ^ (0,j),e 7 i-> (0,fc). (28) 

This implies that 

• The action of SO(4) 3:4 restricted to V3 is orthogonal with respect to the standard scalar 
product. 

• The action of the subgroup 1 x SU(2) C SO(4)3.4 on V4 commutes with the image of A : 
V 3 -> End(W 4 ) introduced in [BV] . 

This observation together with the lemma (|9| and |BV gives that SO(4) 3j 4 is a splitting of a 
maximal compact subgroup of O7.ni 
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0.2.8 The 3-form w 8 . 

This is a well known case. A representative is 

UJ$ — OL\ A Q!2 A «3 + 0>i A Qf4 A tt5 — »i A «6 A OJ7 (29) 
+ «2 A 04 A + «2 A tt5 A «7 + Q3 A «4 A Q7 - tt3 A a5 A 06- 

The stabilizer is the exceptional compact 14 dimensional Lie group Os = G2. The 3-form ajg is 
given by the standard multiplication table given by the Cayley-Dickinson construction. 



0.3 Manifolds admitting a global multisymplectic 3-form of 
one type. 

We will first consider the global 3-forms of type 5, 6, 7, 8. The known implications in the following 
theorem are lf)2, which is result of |Gr] . and 2f)3 which was proved in }Lej . We use similar 
argument as in |Lej to prove also the remaining implications. 

The case 3 was solved in [D] . The method used in [Dj is based on computing Postnikov 
invariants. The method is explained in [Thj . We use the same approach to handle the remaining 
cases. 



0.3.1 Global 3-forms of type oj 5 , u e , oo 7 , oo 8 . 

Theorem 7. Let M be a closed connected 7- dimensional manifold. Then the following are equiv- 
alent: 



1. M is orientable and spinnable. 

2. M admits a global 3-form of algebraic type 8. 

3. M admits a global 3-form of algebraic type 5. 
4- M admits a global 3-form of algebraic type 6. 
5. M admits a global 3-form of algebraic type 7. 

Proof: (1)0(2) is given in Gr . (2)o(3) is given in [Le] . 

(2)o(4)o(5). From the theorem 12 and the remark[l] given below the theorem follows that 



a G 2 -structure implies SU(2) ,4-structure where SU(2) 0i4 is the subgroup SU(2) = 1 x SU(2) C 



80(4)3,4 where 80(4)3,4 is given by the formula (42 1. Thus G2-structure implies also reduction 
to all subgroups which contain SU(2)o,4. We have proved that SU(2)o,4 < Kr,K^ < G2. The rest 
follows from the theorem fTH □ 



0.3.2 A global 3-form of type w 4 . 

We will consider only the orientable case. We first prove the following observation. 

Lemma 7. Let M be an orientable 7-dimensional closed connected manifold such that M admits 
a global 3-form of type 4- Then M admits a reduction to U(l). 



Proof: By assumption M admits a reduction to K 4 n S0(7) = SO(3)3,3. The formula (18 1 
implies that the tangent bundle TM decomposes as TM = ® p\ © p|) where p\ and p\ are 
isomorphic real orientable 3-dimensional vector bundles. Moreover we can choose a complex 
structure J on p\ © p\ such that J{p\) — p\ and J{p^) — p\. This implies that u^Af) = 
^(Pi) + w 2{p2) is zer0 an< i thus the manifold M admits a SU(2)-structure, see the theorem [7j 
and the lemma[l2] Since the Chern classes of a complex vector bundle do not depend on a choice of 
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a complex structure, see [MS] , the first Chern class of the complex bundle (p\ ® p\ J] is trivial and 
thus the bundle admits a SU(3)-structure. By a result of Thomas, see (Tj, M has two everywhere 
linearly independent sections and thus the bundle (p\ © p 3 ,) has a nowhere zero section Q. Let us 
denote by £ 2 = (C, J() ■ Then © p 3 — £ 2 © ?7 2 where rj 2 is a complex 2-dimensional bundle with 
SU(2)-structure and the with complex structure J\ v 2. Let us denote 77 1 := rj 2 n pf for i = 1,2. 
Then n\ © 772 = r/ 2 is a splitting of rj 2 into two complex line bundles. Then 01(77!) = —01(772) and 
in particular J is a complex anti-linear isomorphism of these two line bundles. □ 

Let us denote the subgroup in the lemma [7] isomorphic to U(l) by L4. An inclusion L 4 
SO(7) factors through L4 SU(2) SO(7). The long exact sequence for the homotopy groups 
of the principal fibration L 4 — > SO(7) — > Q4 yields that the homotopy groups of Q4 — SO(7)/I/4 
are 7Ti(Q4) = ^2,1^2^4) = Z = h^Qa) and are trivial for 7 > i > 3 and i = 0. Thus from the 
lemma [ll] follows that it is sufficient to find a lift of / : M — > BSO(7) to BL4 over a 4-skeleton 
Af 4 of M where / is the tautological map. 

Let us factor the fibration p : BL 4 -s- BSO(7) into fibrations BL 4 ->• BSU(2) -> BG 2 -> BSO(7). 
Recall that there exist a lift of / to BSU(2) iff W2(M) = 0. Let us build a Postnikov tower for a 
fibration q : BL 4 -> BSU(2). We have that SU(2)/L 4 = S 2 and thus we have 



K(Z, 2) 



BL 4 -^L BSU(2) x K(Z, 2) Ca01 ~ W 



(30) 



BSU(2) 



K(Z,3) 



Here the map h has to be a homotopy equivalence BL4 = K(Z, 2) such that h* (a) — c\ where 
a € H 2 (K(Z,2),Z) and ci € i/ 2 (L4,Z) are generators. We may choose ci such that q*(c2) — —c\ 
where C2 £ i? 4 (BSU(2), Z) is the second Chern class of the tautological bundle. Thus the second 
Postnikov invariant is c 2 <£> 1 — 1 © c 2 . 

Theorem 8. Let M be a closed orientable manifold. Then M admits a global S-form of algebraic 
type 4 iff Wi{M) — and there exist a class e £ H 2 {M,Z) such that e 2 = |pi(Af). 

Proof: Let us assume that 102 (M) = and that M is orientable. Then the tangent bundle TM 
of M is isomorphic to ?7 4 ffi£ 3 where £ 3 is trivial 3-dimensional bundle and ?7 4 has a SU(2)-structure. 
Then — 2c2(?7 4 ) — Pi(M). As we have argued above, the bundle rf decomposes as a sum of two 
complex line bundles iff 3 e £ H 2 (M,Z) such that — e 2 = C2{rf). □ 



0.3.3 A global 3-form of type u 3 . 

This was solved in [D] , 

Theorem 9. Let M &e an orientable closed connected 7-dimensional manifold. Then M admits 
a global 3-form of type 3 iff f3(w 2 (M)) = 0. 



0.3.4 A global 3-form of type lu 2 - 

We will consider reduction to the connected component of the identity of K 2 . Explicit realization 
of K° is given in the formula (46). In particular we see that BKEJ is an Eilenberg-MacLane space 
K(Z x Z, 2). In particular TJ^BK^Z) = Z x Z and is generated by the Euler classes of two 
2-dimensional bundles of the tautological bundle corresponding to the subgroups (9)2, (p)2 in the 
formula (46). Let us denote these generators by a,f3. 



4 Recall that SO(3) 3 , 3 sits in U(3). 



9 



The homotopy groups 7Ti(SO(7)/K 2 ) are zero for 4 < i < 7. From the lemma 11 



as in the 

case of w 4 , follows that it suffices to consider Postnikov invariants up to dimension four. The 
group K§ is a subgroup of G2 and thus the necessary condition is W2(M) = 0. The group K° is 
also a subgroup of SU(3). Let us denote by Q 2 the homogeneous space Q2 := SU(3)/K;j. Then 
(Q2) — 7T o{Q2) = 0,7r 2 (<3 2 ) = Zx Z,7T3(Q 2 ) = Z. We consider a Postnikov tower 



Q 2 >K(Z,2) x K(Z,2) 



(31) 



BK° 2 q > BSU(3) x K(Z, 2) x K(Z, 2) 



K{Z,4) 



BSU(3) 



if(Z,3) x if(Z,3) 



for the fibration Q 2 



BK° 



BSU(3). 



Theorem 10. Let M be a 7- dimensional closed simply connected and connected manifold. Then 
M admits a global 3-form of type w 2 iff Wz(M) — and there exist classes e, f £ H (M, Z) such 
that e 2 + f 2 + ef = §pi(M). 

Proof: First we easily find that q* : £T 4 (BSU(3), Z) ->■ if 4 (BK§,Z) is given by g*(c 2 ) = 
— (a 2 + /3 2 + a/3). This implies that Postnikov invariant A: 2 is equal to c 2 + a 2 + f3 2 + a/3. The 
map ff 4 (BSO(7),Z) -> J ff 4 (BSU(3), Z) is given p x i-» -2c 2 . This gives the theorem. □ 

0.3.5 A global 3-form of type w\. 

We will consider reduction to the connected component of the identity of K4. The connected 
component of the identity is isomorphic to the two dimensional torus T 2 . In particular BK] 1 
is an Eilenberg-MacLane space K(Z x Z, 2). Let us denote by a, (3 the Euler classes of the two 
2-dimensional vector bundles of the tautological bundle. The non-trivial i-th homotopy groups for 
% < 7 of the quotient Q 1 := SO(7)/K° are i = 3,4, i.e. 7r 3 (Qi) Z x Z,7r 3 (Z 2 ) = Z. The lemma 
[TT| implies that we may consider Postnikov invariants of dimension equal or smaller to four. We 
consider a Postnikov tower 



(32) 



BK° 



K(Z,2) x K(Z,2) 



I 

E 



K(Z,4) 



for the fibration Qi 



BK° 



BSQ(7) lxW3+W3X > i^(Z,3) x #(Z,3) 
BSO(7), where VF 3 is the generator of iJ 3 (BSO(7), Z) = Z 2 . 



Theorem 11. Let M be a 7-dimensional closed simply connected and connected manifold. Then M 
admits a global 3-form of type 1 iff there exist classes e, / € H 2 (M, Z) such that p 2 (e + /) = u> 2 (M) 
ande 2 + f 2 = Pl {M). 

Proof: The Serre sequence gives exact sequences 

->■ H 2 (E ,Z) -> ff 2 (BK°,Z) ->■ 
-> H 2 {E a ,Z) -> H 2 (K(Z,2) x if(Z,2),Z) -> # 3 (BSO(7)) -> 
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In particular we may view a, f3 as generators of H 2 (Eo,1) = 1x1 and up to a change of basis 
{e x ,e 2 } of H 2 (K(1,2) x K(Z,2),Z) = 1x1 we may also assume that i*a = 2e u i* j3 = e 2 . We 
also get a diagram 

i? 4 (BSO(7), 1) H*(E , 1) — H A {K(1, 2) x if (Z, 2), Z) 

iJ 3 (Q},Z) >- H 4 (E ,1) ^i? 4 (BK?,Z) 0, 

where the bottom row is exact and the upper row is a complex. In particular we obtain that 
H 4 (Eq,1) is a free abelian group isomorphic to Z 4 which is generated by fc 2 , a 2 , a/3, /3 2 . Now 
g*(pi) = a 2 + /3 2 € if 4 (BK?,Z) where p x e H 4 (BSO(7), Z) is the first Pontryagin class which is 
a generator of -ff 4 (BSO(7), Z). Thus there exists an integer a £ 1 such that pi = ak 2 — a 2 — /3 2 . 
This implies that g*(afe 2 ) = 4ef + e|. But this implies that a = ±1. □ 



0.4 Appendix. 
0.4.1 Algebras. 

Let us recall the Cayley-Dickinson construction of *-algebras. Let (A, *) be a *-algebra. We write 
the conjugation as a H> *(a) = a for a e i. If A is an *-algebra, we define a new *-algebra CD (A) 
such that CD(A) = A A as a vector space with the multiplication and conjugation given by 

(a, 6).(c, d) = (ac — db,bc + ad) (33) 
(a,b) = (a,-b). 

For example CD(R) = C, CD(C) = H, CD(E) = O, CD(H) = 6 where E, resp. C, resp. H, resp. 
H, resp. O, resp. O denote the real numbers, resp. the complex numbers, resp. quaternions, resp. 
pseudo-quaternions, resp. octonions, resp. pseudo-octonions. 



Pseudo-quaternions. The algebra H of pseudo-quaternions is isomorphic to the algebra M(2, M) 
of real 2x2 matrices. Let us use the following notation 

Let us denote by 1 2 the identity 2 x 2-matrix. Let us denote by SL(2, R) = {g £ GL(2, R)\det(g) = 
±1}. If g £ SL(2,K), then the conjugation by g is an automorphism of the algebra EL 



Octonions. A choice of a subalgebra A of O isomorphic to H and a vector e in the orthogonal 
complement A 1 - with respect to the standard scalar product on O gives isomorphism of O with 
the algebra H © H via 

(a + be) eOH(fl,i)eIffii, (35) 



with the multiplication and the conjugation given by the same formulas as in (33 1. Alternatively 
we may write octonions as pairs of quaternions (p, q) ■(-> p + eq. In this case the multiplication is 
given by 



(a, b)(c, d) = (ac — db, cb + ad). 



(36) 
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Pseudo-octonions. A choice of a subalgebra A of O isomorphic to H and a vector e in the 
orthogonal complement A 1 - with respect to the standard scalar product on O gives isomorphism 
of O with the algebra H © H via 

(a + be) eOf>(s,i)ei(l)i, (37) 

with the multiplication 

(a, b)(c, d) = (ac + db, cb + ad). (38) 
If we choose a subalgebra A of © isomorphic to H and e as above, then we can identify 

HffiEI = © (39) 
(p, q)^p + eq. 



0.4.2 3-forms from algebras. 

Let g, resp g be the standard scalar product on O, resp. O. Recall that the quadratic form 
associated to the standard scalar product is positive definite in the case of octonions and of 
signature (3, 4) in the case of pseudo-octonions. Then the formula 

u(a,b,c) = g(ab,c) (40) 
u(ej,g)=g(ef,g) (41) 

for a,b,c £ O or e,/,g G O defines a 3-form. In particular w belongs to the orbit [uj & ] while w 
belongs to the orbit [wg]. 



0.4.3 Subgroups of the exceptional groups G 2 and G 2 . 

Let us recall that the exceptional Lie group G2 is the group of automorphisms of the algebra O. 
Let us denote the group of automorphisms of the algebra O by G2 . 



Subgroup SO(4) 3j 4 in G2 and in G2. Let us define an embedding of SO (4) in End(B) x End(M) 
by the formula 



4> : SU(2) x Za SU(2) -> End{W) x End(M) 
(<j)(a,b))(p,q) = (apa- 1 ,bqa~ 1 ), 



(42) 



where (p, q) £ H © EL Let us denote the image of <j> by SO(4) 3 4 . It is shown in jY] that 
SO(4) 3 , 4 C G 2 where we identify O with H © EI as in Q . 

If we identify O with EI © EI as in the formula ( 37 ) , then the formula ( 42 ) gives an embedding 
of SO(4) in G2. We denote the image of this embedding also as SO(4) 3i 4. 



Subgroup SL(2,M)§ )4 of G 2 . Let us denote by SL(2,M) — {a £ GL(2,R)\det(a) = ±1}. Let us 
denote by 

SL(2,R)| 4 := {(a,b)\ ai b£ SL(2,R), det(ab) = 1}/Z 2 , (43) 

where Z 2 = {±(1 2 , 12)} and 1 2 is the identity 2 x 2-matrix. We embed SL(2,R)§ j4 in End{M) x 
End(M) by the formula 

(a,b).(p,q) := {apaT 1 , aqb' 1 ) , (44) 



with a,b £ SL(2,M) and (p,g) £ U © EI. As in (42), one can easily verify that SL(2,M)| 4 is a 

subgroup of G 2 where we identify O with H© EI as in (39 1. 
From the lemma Q follows that the group 

5(0(2) x Z2 0(2)) := {(a,b)\a,b £ 0(2), det(ab) = 1} C SL(2,R)§ 4 (45) 
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is a maximal compact subgroup of SL(2,R)| 4 . We denote this group by ^222- The connected 
component of the identity of T2 2 2 i s realized with respect to the standard basis of 7m (O) by 
matrices 











^ 
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(a -0) 2 ) 















(46) 



where (7)2 € SO(2) denotes rotation by the angle 7 € M and a + (3 = 9, a — (3 — p. In particular 
the connected component of T§ 2 2 i g isomorphic to SO(2) x SO(2). 

0.4.4 Semi-direct product of Groups. 

Lemma 8. Let N C GL(n, R) be a closed subgroup. Suppose that N consists of matrices of the 
form 1„ + A where 1„ is the identity matrix and A is a strictly upper (lower) triangular matrix. 
Then the only subgroup N' o/N /or which there exists an N' -invariant scalar product on W 1 is the 
trivial subgroup. Thus the maximal compact subgroup of N is the trivial subgroup. 

Proof: Easy exercise. □. 

Lemma 9. Let Go = Gi x G2 be a semi-direct product of Lie groups. Let Kq C Go be a maximal 
compact subgroup. Then Ki XI K2 is a maximal compact subgroup of Go where Ki = KoHGi, resp. 
K 2 = K D G2 is a maximal compact subgroup of G\, resp. G2. 

Proof: Clearly rQ C G^, i = 1, 2 is a maximal compact subgroup and thus also their semi-direct 
product is compact. Suppose that K 3 is a compact subgroup of Go such that Ki X K 2 C K 3 . Then 
K 3 /(K 3 n Gi) C K 2 and also K 3 n Gi C Ki but this implies that K 3 C Ki >j K 2 . □ 

0.4.5 More on G2-structure. 

A G2-structure on a closed connected 7-dimensional Riemannian manifold M is a reduction of 
structure group of the tangent bundle TM of M to G2 , i.e. it is given by a following commutative 
diagram of principle bundles 

G 2 Q > M (47) 

Id 

SO(7) > V > M 

where V is the principle bundle of orthonormal frames with respect to some Riemannian metric 
on M. It is a well known fact that existence of a reduction to G2 is equivalent to vanishing of the 
second Stiefel- Whitney class W2 of TM, see |Grj . 

Octonionic structure. An octonionic structure on a 7-dimensional Riemannian manifold (A7, g) 
is a smooth bundle map 

p : (TM ®R)® [TM © R) -> (TM R) , (48) 

where 7? is a trivial real line bundle over M such that Vx € M there exists an algebra isomorphism 
between (O, .) and (M. x © T x M,fi x ) compatible with the metric structures. 

Lemma 10. Let M be a 7-dimensional closed connected manifold. Then the following are equiv- 
alent: 

1. there exists a Q^-structure on M . 

2. there exists an octonionic structure in the fibers ofTM. 



13 



Proof: See [D]. 

In the paper |FKMSj can be found the following theorem. 



Theorem 12. Let M be a 7- dimensional closed connected manifold. Then following are equivalent: 

1. there exists a G2~structure on M . 

2. there exists a SU (2) -structure on M, i.e. TM = £ 3 rj 2 where £ 3 is a trivial real 3- 
dimensional bundle and rj 2 is a complex 2-dimensional bundle with SU (2) -structure. 

Proof: See [FKMSj . The assumption on compactness of M is not necessary. □ 

Remark 1. A SU (2) -structure coming from a G2-structure can be viewed in the following way. 
By a result from FT] /, any orientable 7- dimensional manifold admits two everywhere linearly in- 
dependent vector fields. Let us denote them Ci,C2- We may assume that (1X2 are orthonormal. 
Since G2~structure is equivalent to an octonionic structure, the vector field Ci-C2 — C3 * s a ^ so °f 
unit length and orthogonal to (1X2- The vector fields {Cij C25 C3} span a 3-dimensional vector 
subbundle £ 3 of the tangent bundle. The orthogonal complement to £ 3 is a four dimensional real 
vector bundle. The multiplication by (1X2X3 gives quaternionic structure on this bundle and thus 
also reduction to SU(2). 

0.4.6 Extensions. 

Theorem 13. Let G be a topological group and let H < G be a closed subgroup. Let V be a 
principal H-bundle over a topological space X. Then there exists a principal G-bundle V' over X 
such that the diagram 

H > V > X (49) 

Id 

G >V >X 

commutes. 

Proof: See [Hu] , 

Extension of a lift from subcomplex. Let p : X — > Y be a fibration with fiber F with a 
Postnikov tower {X n ,q n } and let (W, A) be a CW-complex and let i : A — > W be the canonical 
inclusion. Suppose that we have a map / : W and a lift F' : A — > Y such that p o F' = f o i. 
The picture is given in the following diagram 

(50) 




K(tt 2 (F),3) 
K(wi(F), 2) 



31 

W > Y > K(tt (F), 1). 

Lemma 11. Let us keep the notation as above. Suppose that H l+1 (W, A, ni(F)) = for all i > 0. 
Then there exist a lift F : W — > X such that F o i = F' and p o F = f. 

Proof: Suppose that we have a lift Fi : W — > Xi such that q\ o . . . g i o Fi = f and pi o F' = 
Fi o i. Then the obstruction of lifting Fi to F i+i : W — > X i+i such that qi + i o F i+ i = Fi and 
Pi+i o F' = Fi + i o i is a class u>i £ H t+1 (W, A : HiF). Thus if oji = for all i, we can find an 
extension W — > lim^ Xi and further to W — > X. Full discussion is in [H].D 
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